FLOATING BODY, ILLUMINATION BODY, 
AND POLYTOPAL APPROXIMATION 

Carsten Schutt 

Abstract. Let K be a convex body in K d and Kt its floating bodies. There is a 
polytope with at most n vertices that satisfies 

K t C P„ C K 

where 

n < c wd vol d(K \ K t ) 
t vol d {B%) 

Let K l be the illumination bodies of K and Q n a polytope that contains K and has 
at most n d — 1-dimensional faces. Then 



where 



vol A {K l \ K)< cd A vol d {Q n \ K) 



n < — vol^K* \ K) 



dt 
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1. Introduction 

We investigate the approximation of a convex body K in W 1 by a polytope. We 
measure the approximation by the symmetric difference metric. The symmetric 
difference metric between two convex bodies K and C is 

d s (C,K) = vol d ((C\K)u(K\C)) 

We study in particular two questions: How well can a convex body K be approxi- 
mated by a polytope P n that is contained in K and has at most n vertices and how 
well can K be approximated by a polytope Q n that contains K and has at most n 
d — I-dimensional faces. Macbeath [Mac] showed that the Euclidean Ball £?| is an 
extremal case: The approximation for any other convex body is better. We have 
for the Euclidean ball 

(1.1) Cl d vol d (B$)n-^ < d s (P n , Bi) <c 2 d vol d (B$)n-^ 

provided that n > (c^ d)^~ . The right hand inequality was first established by 
Bronshtein and Ivanov [BI] and Dudley [Di,D2]. Gordon, Meyer, and Reisner 
[GMRi,GMR 2 ] gave a constructive proof for the same inequality. Miiller [Mii] 
showed that random approximation gives the same estimate. Gordon, Reisner, 
and Schiitt [GRS] established the left hand inequality. Gruber [Gr 2 ] obtained an 
asymptotic formula. If a convex body K in R d has a C 2 -boundary with everywhere 
positive curvature, then 

mi{ds(K, P n )\P n C K and P n has at most n vertices} 

is asymptotically the same as 

d+l 

1 f f _J_ \ d - 1 1 2 

-del d _i / k(x) dn{x)\ {-) d ~ 1 

2 \JdK J n 

where dela-i is a constant that is connected with Delone triangulations. In this 
paper we are not concerned with asymptotic estimates, but with uniform. 

Int(M) denotes the interior of a set M. H(x,£) denotes the hyperplane that 
contains x and is orthogonal to £. H + (x, £) denotes the halfspace that contains the 
vector x — £, and H~ (x, the halfspace containing x + £. ej, % = 1, . . . , d denotes 
the unit vector basis in M d . [A, B] is the convex hull of the sets A and B. The 
convex floating body K t of a convex body K is the intersection of all halfspaces 
whose defining hyperplanes cut off a set of volume t from K. 

The illumination body K l of a convex body K is [W] 

{x e R d \ vol d ([x,K]\K) < t } 

K l is a convex body. It is enough to show this for polytopes. Let Fj denote the 
faces of a polytope P, the outer normal and Xi an element of Fj. Then we have 

1 n 

vol d ([x,P] \P) = -J^max{0, < ^,x-Xi >}vol d -i{Fi) 

i=l 

TVip riorlrt". Vinnrl «irl(=> i« a mmrpy fnnntinn 
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2. The Floating Body 

Theorem 2.1. Let K be a convex body in M, d . Then we have for every t, < t < 
\e~ A vol d (K) , that there are n E N with 

n < e wd vold( K \ K t) 
t vol d (B$) 

and a poly tope P n that has n vertices and such that 

K t C P n C K 

We want to see what kind of asymptotic estimate we get for bodies with smooth 
boundary from Theorem 1. We have [SW] 

2 

vol d (K\K t )~t^-( tpd-iJ / < x )^Mx) 
2 \vol d - 1 {B 2 )J JdK 



t _ 2 



t d +!d J k(x) d +! d/i(x) 

dK 



Since 



we get 



n ~ di\ol d (K\K t ) 

v 



vol d {K\K t )~d(di-vol d (K\K t )Y +1 ! n{x)^d^x) 
V n J JdK 

vol d (K \ Kt)^ ~ d 2 n~dh / K(x)d^dn(x) 

JdK 

Thus we get 

vol d (K \ P n ) < vol d (K \ K t ) ~ d 2 n~^ ^x)^rdfi(x)^ 

In case that K is the Euclidean ball we get 

vol d {Bi \ P n ) < cd 2 n-^vol d (B d ) 

where c is an absolute constant. If one compares this to the optimal result (1.1) 
one sees that there is an additional factor d. 

The volume difference vol d (P) — vol d {P t ) for a polytope P is of a much smaller 
order than for a convex body with smooth boundary. In fact, we have [S] that it is 
of the order t \ lnt| d_1 . In [S] this has been used to get estimates for approximation 
of convex bodies by polytopes. 

The same result as in Theorem 2.1 holds if we fix the number of (d-l)-dimensional 
faces instead of the number of vertices. This follows from the economic cap covering 
for floating bodies [BL, Theorem 6]. The constants are not as good as in Theorem 
2.1. 



The following lemmata are not new. They have usually been formulated for 
symmetric, convex bodies [B,H,MP]. 
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Lemma 2.2. Let K be a convex body in R. d and let H(cg(K), £) be the hyperplane 
passing through the center of gravity cg(K) of K and being orthogonal to £. Then 
we have for all £ G dB d 

(i) 

(1 - -^fvohiK) < vol d (K n H+(cg(K), £)) < (1 - (1 - ^OV^) 
(n,) /or aZZ hyperplanes H in ~§L d that are parallel to H(cg(K),£) 

(1 - ^ T ) d - 1 ^Z d _ 1 (K n if) < uoZ d _i(tf n H(cg(K),0) 



The sequence (1 — (i = 2,3, ... is monotonely decreasing. Indeed, by 

Bernoulli's inequality we have 1 — ^ < (1 — jp) d , or < (^- d ^-) d . Therefore we 
get (^fi) d < which implies (1 - < (1 - ^) d ~ 1 - 

Therefore we get for the inequalities (i) 

(2.1) -vol d (K) < vol d (KnH+(cg(K),0) < (1 - -)vol d (K) 
e e 

By the above (l + ^) d is a monotonely increasing sequence. Thus we get (l + ^) d ~ 1 < 
e. For (ii) we get 

(2.2) vold-^K f]H)<e vol d _ x {K n H(cg(K),0) 

Proof, (i) We can reduce the inequality to the case that K is a cone with a Euclidean 
ball of dimension d — 1 as base. To see this we perform a Schwarz symmetrization 
parallel to H(cg(K),£) and denote the symmetrized body by S(K). The Schwarz 
symmetrization replaces a section parallel to H(cg(K),£) by a d — 1-dimensional 
Euclidean sphere of the same d — 1-dimensional volume. This does not change the 
volume of K and K n H + (cg(K),£) and the center of gravity cg(K) is still an 
element of H{cg{K),£). Now we consider the cone 

[z,S(K)nH(cg(K),0] 

such that 

vol d ([z, S(K) n H(cg(K),Z)}) = vol d (K n H~ (cg(K) , £)) 

and such that z is an element of the axis of symmetry of S(K) and of H~ (cg(K),£). 
See figure 2.1. 

K = (K n H+(cg(K),0) U [*, S(K) n H(cg(K),Z)} 

is a convex set such that vol d {K) = vol d (K) and such that the center of gravity 
c#(K) of K is contained in [z, S(K) n H(cg(K), £)]. Thus 

„.„! / 7> ^ IT+/ „„/ r"\\ \ „.„7 I T? ZJ+ < / 7>^ f"^ _ „.„/ < TS ZJ+ < „„/ 7>-\ <-\\ 
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We apply a similar argument to the set S(K) fl H + (cg(K),^) and show that we 
may assume that S(K) is a cone with z as its vertex. Thus we may assume that 

d-i 

K=[(0,...,0,l),{(x 1 ,...,x d _ 1 ,0)|^|x l | 2 <l}] and £ = (0, . . . , 0, 1) 



Then 

vol d (K) = ^vold^Bt 1 ) 



and 



\—\ x d dx d = d[ t(l-t) d - 1 dt = d [ (l- s )s d - 1 ds = -^— 
i( K ) Jk Jo Jo d + 1 



vol d (K) 
We obtain that 

vol d (K n H-(cg(K), (0, . . . , 0, 1)) = (1 - vol d (K) 

(ii) Let H be a hyperplane that is parallel to H(cg(K), £) and such that vol d -i{K fl 
if) > vol d -i{K fl H(cg(K),£)). Otherwise there is nothing to prove. We apply a 
Schwarz symmetrization parallel to H(cg(K),£) to if. The symmetrized body is 
denoted by S(K). Let z be the element of the axis of symmetry of S(K) such that 

[z, S(K) HH}n H(cg(K),S) = S(K) H H(cg(K),0 

Since vol d -i(K (~) H) > vol d -i(K DH(cg(K),£)) there is such a z. We may assume 
that H+(cg(K),£) is the half space containing z. Then we have 

[z, S(K) DH]n H-(cg(K),S) C S(K) H H-(cg(K),£) 

[z, S(K) HH]n H+(cg(K),t) D n H+(cg(K),Z) 

Therefore we have that 

cg([z,S(K)nB\)eH+(cg(K),Z) 

Therefore, if h cg denotes the distance of z to H{cg{K),^) and h the distance of z 
to if, we get as in the proof of (i) that 

K s > Mi - j^) 

Thus we get 

vold-^K n H(cg(K),0) = vola^SiK) n H{cg{K)^)) > 
(l - ^ T ) d - 1 ^/ d _ 1 (5(K) n if) = (l - ^l T ) d - 1 w / d _ 1 (K n if) 

□ 
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Lemma 2.3. Let K be a convex body in M. d and let ©(£) be the inftmum of all 
numbers t, < t, such that 

vol d -i(KnH(cg(K)^)) > e vol d -i(K n H(cg(K) + 

Then we have 

7^vol d (K) < Q(^vol d -i(KnH(cg(K),0) < e vol d (K) 

Proof. The right hand inequality follows from Fubini's theorem and Brunn-Minkowski's 
theorem. Now we verify the left hand inequality. We consider first the case that 
we have for t, t > 0(£), 

Kr)H(cg(K) + t^ft = H} 
Then we have by (2.1) and (2.2) 

-vol d (K) <vol d (KnH + (cg(K)^)) 

e 



L 



■ ! II ' 



vold^K n H(cg(K) + t£,0)dt < e G(0 vol d -i(H(cg(K)^)) 

'o 

If for some t, t > 0(£), we have K n H(cg(K) + ££, 0^0 then we have 

vol d -i(K n H(cg(K),ft) = e vol d -i(K n if (c^AT) + 0(0?, 0) 

We perform a Schwarz symmetrization parallel to H(cg(K),£). We consider the 
cone 

[z,S(K)nH{cg(K),t)] 
such that z is an element of the axis of symmetry of S(K) and such that 

[z, S(K) n H(cg(K) , 0] n H(cg(K) + G(£)£, = S(K) n #(<#(#) + ©(0?, 



Let H + (cg(K),{;) and H + (cg(K) + be the half spaces that contain z. 

Then we get by convexity 



[*, fif(A-) n 0]nff + (q/(K) + e(0C, 

DS(fr)nif+(c< ? (fQ + e(0e,0 



We get by (2.1) 

-vnlJK) < vnlJKn H+ (r.n( K). ft) 
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vol d (K n H+(cg(K),0 n H~ {cg{K) + 9(£)£, 0) + 

^ d (irniy + (^(if)+e(0e,e)) = 

vol d (S(K) n H+(cg(K),0 n H~ {cg{K) + e(£)£, 0) + 

™z d (S(K) n if + (c^(K)+e(0e, 0) 

By the hypothesis of the lemma we have for all s with < s < ©(£) 

n H(cg(K),^)) < e vol d ^(K n + s£, 0) 

Using this and (2.2) we estimate the first summand. The second summand is 
estimated by using (2.3). Thus the above expression is not greater than 

e 2 vol d ([z, S(K) n #(c<?(K),£)] n H~{cg{K) + ©(£)£, £))+ 

™Z d ([z, n H(cg(K),t)] n H+(cg(K) + 6(£)£, 0) 

By an elementary computation for the volume of a cone we get that the latter 
expression is smaller than 

2e 2 W / d ([ 2 , S-(A-) n #(c<7(*:),£)] n H-(cg(K) + e(£)£, 0) 
We use (2.2) again and get that the above expression is smaller than 

2e s Q(0vol d -i(K n H(cg(K),0) 

□ 

Lemma 2.4. Let K be a convex body in ~R d . Then there is a linear transform T 
with det(T) = 1 so that we have for all £ G dB^ 

I | < x, £ > | 2 <ix = - / | < x,ei > \ 2 dx 

Jt(k) d J T[K) . =1 

We say that a convex body is in an isotropic position if the linear transform T 
in Lemma 2.4 can be chosen to be the identity. See [B,H]. 

Proof. We claim that there is a orthogonal transform U such that we have for all 
ij = 1,. . . ,d with i 7^ j, 

/ < x, ei >< x, ej > dx = 

-/£/(iT) 

Clearly, the matrix 

( / < x,ei >< x,ej > dx)f j=1 
Jk 

is symmetric. Therefore there is an orthogonal d x cZ-matrix ?7 so that 



u(f < x, ei >< x, e,- > rfx),- [/ 
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is a diagonal matrix. We have 



U( < x,ei >< x,ej > dx){ j=1 U t = ( / y2u l)i <x,e i ><x,e j >u kt jdx)f k=1 
Jk JK hJ=l 

= (/ <x,U t (e l )><x,U t (e k )>dx)f k=1 = ( < y, ei >< y,e k >dy)? ;k=1 

Jk Ju(k) 

So the latter matrix is a diagonal matrix. All the diagonal elements are strictly 
positive. This argument is repeated with a diagonal matrix so that the diagonal 
elements turn out to be equal. Therefore there is a matrix T with det T = 1 such 
that 

r o if i ^ j 

[ ' f . . 

Jt(k) \ -} / V I < a, ej > | dx if z = j 

( d JT(K) j=1 

From this the lemma follows. 

□ 

Lemma 2.5. Let K be a convex body in M. d that is in an isotropic position and 
whose center of gravity is at the origin. Then we have for all £ G dB^ 



\^vol d {Kf <vold-i(KnH(cg(K),0) 2 l [ Y I < x, e, > \ 2 dx < 6 e 3 vol d {Kf 



24e 



Proof. By Lemma 2.4 we have for all £ G dB^ 

d 



< x, ej > \ 2 dx = I | < x, £ > |^dx 



By Fubini's theorem we get that this equals 



/oo fO^j 
t 2 vol d -i(KnH(t^O)dt> / t 2 vol d -i(KnH(t£, 
-oo JO 



0)dt 



where ©(£) is as defined in Lemma 2.3. By the definition of ©(£) the above expres- 
sion is greater than 

i r e( -° i 

-vold-^KHHicgiK),^)) / * 2 > -S^fvold-^K n i^tf), £)) 
e Jo 3e 

By Lemma 2.3 this is greater than 

1 vold(K) 3 
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Now we show the right hand inequality. By Lemma 2.4 we have 

- V I < x,a > \ 2 dx = / I < x,£ > \ 2 dx = / t 2 vol d -i{K r\H(t£,€))dt 
J K i=i J K 



,e(0 /-oo 

/ t 2 vol d - 1 (KnH(t£,Z))dt+ t 2 vol d - 1 (KnH(t£,Z))dt+ 
Jo Jo(0 

r o r e(-0 

/ t 2 vol d - X {K n H(t£, 0)dt+ t 2 vola-xiK n H(t£, £))dt 

Je{-o J-oo 

By (2.2) this is not greater than 

-Q(0 3 vol d -i(KnH(cg(K) 1 0)+ / t 2 vol^K n H(#,Z))dt+ 

6 Jem 

-e(-0 3 vol d _ 1 (KnH(cg(K) 1 0)+ / t 2 vol^K n 

6 J-oo 

The integrals can be estimated by 

2e(0Wi(Kn%(K),0) and 2<d(-0 3 vol d - 1 (KnH(cg(K),0) 

respectively. We treat here only the case £, the case — £ is treated in the same way. 
If the integral equals then there is nothing to show. If the integral does not equal 
then we have 

voh-^K n H(cg(K),£)) = e vol d ^{K n H(cg(K) + 9(£)£, 0) 

We consider the Schwarz symmetrization S(K) of _KT with respect to the plane 
H(cg(K),£). We consider the cone C that is generated by the Euclidean spheres 
S(K) n H(cg(K),£) and n H(cg(K) + 6(0f,0- We have that 

^)nif+( c ^) + e(e)e,e)cc 

and that the height of C is equals 

e(Q i 

1 - e~~ 

Since (1 + ^rj) d_1 < ewe have 1 — e - ^ 1 > ^. Thus the height of the cone C is 
less than d 0(£). Thus we get for all t with (£)<*< d 0(f) 

wZ d _i(AT n #(c 9 (in + t£, f) < (1 - — ^--^-^oWK n H(cg(K),e)) 
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Now we get 



/•OO 

/ t 2 uoZ d _i (if n 



/ f2 (l-^77T) d " 1 ^-i(^n J ff(^(K),0)^< 



1 

vola-^K n H(cg(K),0)(d 6(0) 3 / s 2 (l - s)*" 1 ^ 



o 



^n%(J0,O)(ie(O)' S5T i F5 < 



2vol d - 1 (KnH(cg(K),Z)M0 3 

Therefore we get 



\j K E I < e * > ^ ^ (| + 2 )( e (0 3 + e(-0>oI d _!(K n H(cg(K),t)) 



Now we apply Lemma 2.3 and get 

. e . 3 vold(K) 3 

□ 

Lemma 2.6. Let K be a convex body in R. d such that the origin is an element of 
K . Then we have 



us 



, 2 



< x,e, > \ 2 dx > -jt-^vold-^dBi) *vol d (K) d+ * 2 



Proof. Let r(£) be the distance of the origin to the boundary of if in direction £. 
By passing to spherical coordinates we get 

1 / ^ | < e, > | 2 cfe = i / / r( ° = -±— I r(O d+2 dt 

d J K ~[ d J dB d J d{d + 2) J dB d 

By Holder's inequality we get that the above expression is greater than 

d + 2 

rot, i \{0I1'.J) (If i \ d~ , . J 



□ 

The following lemma can be found in [MP]. It is formulated there for the case 



FLOATING BODY, ILLUMINATION BODY, AND POLYTOPAL APPROXIMATION 11 



Lemma 2.7. Let K be a convex body in M. d such that the origin coincides with the 
center of gravity of K and such that K is in an isotropic position. Then we have 

B$(cg(K),^-j=vol d (K)- d ) C K 



Proof. As in Lemma 2.3 let 0(0 be the infimum of all numbers t such that 

vola-^K n H(cg(K),0) > e vol d ^(K n H(cg(K) + t£, 0) 
By Lemma 2.3 we have 

6(0 > - V0ld{K) 

By Lemma 2.5 we get 

i 

We have 

voUBi) = — < i-^- 

K 2> r(f + i) - d— 

and thus 



2 



Therefore we get by Lemma 2.6 

^/^ 1 ( vol d (K) V 1 ,, r/ .i 

On the other hand, we have 

™Z d (Kn#-(cs(Z0 + ^£,0)> / * vold^KHHicgW + t^^dt 

z J 9(Q 

where H~(cg(K) + ^p-£,£) is the half space not containing the origin. By the 
definition of 6(0 this expression is greater than 

^Q-vold-i(K fl H(cg(K),£)) 
By Lemma 2.3 we get that this is greater than 
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Therefore, every hyperplane that has distance 

1 



vol d (K)d 



from the center of gravity cuts off a set of volume greater than -^vold(K). 
□ 

Proof of Theorem 2.1. We are choosing the vertices G <9if of the polytope 

P n . N(xk) denotes the normal to dK at xi is chosen arbitrarily. Having chosen 
x\, . . . , Xk-i we choose x k such that 

{xi, . . . , x k -!} n Int(K n H~(x k - A k N(x k ),N(x k )) = 

where A k is determined by 

vol d (K n H~ (x k - A k N(x k ), N(x k ))) =t 

It could be that the hyperplane H(x k — A k N(x k ), N(x k )) is not tangential to the 
floating body K t , but this does not affect the computation. We claim that this 
process terminates for some n with 

(2.4) „ < e ie d voUK\Kj 

1 ' ~ tvol d (Bi) 

This claim proves the theorem: If we cannot choose another x n +i, then there is no 
cap of volume t that does not contain an element of the polytope P n = [xi, . . . , x n ]. 
By the theorem of Hahn-Banach we get K t C P n . We show now the claim. We put 
(2.5) 

S n = KHH (x n - A n N(x n ),N(x n )) 

S k = Kn( f] H+ixi-AiNixJ^ixJUnH-ixk-AkNixJ^ixk)) 

\i=k+l J 

for k = 1, . . . , n — 1. We have for k ^ I that 

voi d (s k ns l ) = o 

Let k < I < n. Then we have 
^n^^n P| H+( Xi - AiiVCxi),^))) nH~(x k - A k N(x k ),N(x k )) 

\i=k+l J 

HKn( f] H+ixi-AiNixJ^ixJUnH-ixi-AtNixti^fa)) 

\i=l+l J 

C H+( Xl - A z iV(x z ), N(xi)) n H~(xi - A t N(xi), N(x t )) 
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Thus we have 

(2.6) vol d (S k n Si) < vol d (H( Xl - AiN(xi),N(xi))) = 

The case k < I = n is shown in the same way. We have for k = 1 , . . . , n — 1 

S k = Kn( p| H+( Xl - AiN(xi),N(xi)) J nH-(x k - A k N(x k ), N(x k )) 

\i=fc+l / 

D [x k ,Kt] nH~(x k - A k N(x k ),N(x k )) 

D [x k , (K n fl"-(x fc - A fc iV(o; fc ), iV(x fc )) t ] n H~(x k - A k N(x k ), N(x k )) 

where A k is determined by 

vol d (K n H~(x k - A k N(x k ),N(x k ))) = 4e 4 t 

By Lemma 2.7 there is an ellipsoid £ contained in (KnH~ (x k — A k N(x k ), N(x k )))t 
whose center is cg(K n H~(x k — A k N(x k ), N(x k ))) and that has volume 



vol d (£) = 



4e 4 



(24e 5 0r) d 



* ^(#2) 



Since (K fl — A k N(x k ), N(x k ))) t is contained in K u £ is contained in K t . 

Thus 

S fc D [x fc ,£] DH-(x k - A k N(x k ),N(x k )) 

We claim now that [x k , £] nH~(x k — A k N(x k ), N(x k )) contains an ellipsoid £ such 
that 

vol d {l) = /n /. e rW /.L * vol d (B^) 



(24e 5 v^F) d (4e 5 ) d 



and consequently 



(2.7) vol d (S k ) > — -J— t uo Z d (B 2 d ) U 



(24e 5 v^r) d (4e 5 



(96e 10 v^F) f 



t ^(#2) 



For this we have to see that A k < 4e 5 A k . By the assumption t < \e 5 vol d (K) we 
get that 

vol d (KnH-(x k - A k N(x k ),N(x k ))) < - vol d {K) 

e 

Therefore we get by (2.1) that cg(K) e H + (x k — A k N(x k ), N(x k )). We consider 
two cases. If 



1 ( r> TJ I , 



A A 7"/™ \ A 7"/™ ^ ^ 7 t TS r-, U I ' 



A A TV™ \ AT/™ \\\ 
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then we have for all t, A k < t < A k , by the theorem of Brunn-Minkowski 

vol d -i{K n H(cg(K),N(x k )) < vol d -i{K n #(x fc - A fc iV(x fc ), iV(x fc ))) 

<^ d _i(Kn J H"(x fe -tAr(x fe ),Ar(a; fc ))) 

We get by (2.2) 

t 

A fc > 



evol d -i(KnH(cg(K),N(x k ))) 
By (2.8) 

(A fc - Afc)^.!^ n H(cg(K),N(x k ))) < 

vol d (K n ^"(xfc - A fc A^(x fc ), iV(xfc))) - ^(if n #"(z fc - A fc A^(x fc ), iV(x fc ))) 

This implies 

x A ( 4e4 - 1)* 

A fc -A fc < 



vol d -i(KnH(cg(K),N(x k ))) 
Therefore we get 

vol d -i{K n H(cg(K),N{x k ))) 

If 

vol d -i( K f]H(x k - A k N(x k ),N(x k ))) < vol d -i(K (1 H(x k - A k N(x k ), N(x k ))) 

then by the theorem of Brunn-Minkowski we have for all t, < t < A k , and all s, 

A k < s < Ak, 

vol d -i{K n H(x k - tN(x k ),N(x k ))) < vol d -i(K n #(x fc - A fc iV(x fc ), iV(x fc ))) 

< vol d -i(K n #(x fc - siV(£ fc ), iV(x fc ))) 

We get 

A k > 



vol d -i(K n ^(x fc - A k N(x k ),N(x k ))) 
and 

(4e 4 - l)t 



A k -A k < 



vol d -i(K n #(z fc - A k N(x k ), iV(xfc))) 
Therefore we get 

A fc < 7 (4e4 ~ A 1)t - — — + A k < 4e 4 A k 

k ~ vol d -i(KnH(x k - A k N(x k ),N(x k )) 

We have verified (2.7). From (2.6) and (2.7) we get 

n n . 4 

vol d (K \ K t ) > vol d ( \JS k ) = J2 vold(S k ) > n * t vol d (B$) 

k=i k=i ^ be V7V) 

Thus we get (2.4) 

vol d (K \ K t ) > e- 16d n t vol d {B%) 
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3. The Illumination Body 



Theorem 3.1. Let K be a convex body in M, d such that 

— Bi C K C c 2 Bi 
ci 

LetO <t < (5cic 2 )~ d ~ 1 vold(K) and let n GN with 



Then we have for every polytope P n that contains K and has at most n d — 1 
dimensional faces 

vol d {K l \ K) < 10 7 d 2 ( Cl c 2 ) 2+ ^vol d (P n \ K) 

We want to see what this result means for bodies with a smooth boundary. We 
have the asymptotic formula [W] 

^)-^(A-) = 1 (_^) )* / <x) * Mx) 
t~ 2 \vol d -i{B% L )J J or 

Thus we get 

voldiK 1 ) - vold(K) ~ t^d / k(x) ^dn(x) 

JdK 

And by the theorem we have 

n^^voUK'XK) 

Thus we get 

voUK*) - voUK) ~ di-t-voldiK 1 \ K))^ [ K(x)^d^(x) 

dn J dK 

Or 

volaiK 1 \ K)tt ~ d( — ) ^tt / re(x)dTTd//(x) 

n \JdK 
By Theorem 3.1 we get now 

d+l 

vold{Pn \ K) > ±(_L)1+4t(I)h*t ( I K {x)&dp{x)\ 
a c\c 2 n \JdK J 

By a theorem of F. John [J] we have c\c 2 < d. 

The following lemma is due to Bronshtein and Ivanov [BI] and Dudley [Di , D 2 ] . 
It can also be found in [GRS] . 



d+l 
d-1 
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Lemma 3.2. For all dimensions d, d > 2, and all natural numbers n, n > 2d, 
there is a polytope Q n that has n vertices and is contained in the Euclidean ball B^ 
such that 

d H (Qn,B d 2 ) < -( d y '^ n-^ 
( vol d - 1 {B 2 ) 



We have that 



vol d -i{dBj) = d vol d {Bi) = d—P- 

i \ 2 ' ) 



- 2 

(3.1) = d ^SJ ^ vold-^Bt 1 ) < dV^ vold^Bt 1 ) 

1 \ 2 / 



Since d~ < 4 an d (1 — > 1 — (it we get from (3.1) 

/ s , / h ~ s 16 fdJ^\ 1 ^ 1 64 2 

(3.2) d ff (£& ^) < y f -M < -7T n" — 



Proof of Theorem 3.1. We denote the d — 1-dimensional faces of P n by Fi, i = 
1, . . . , n, and the cones generated by the origin and a face Fj by Cj, z = 1, . . . , n. 
Let Xi G Fj and £j, H&H2 = L orthogonal to Fj and pointing to the outside of 
P n . Then H(xi,£i) is the hyperplane containing Fj and H Jr (x i ^ i ) the halfspace 
containing F n . See figure 3.1. We may assume that the hyperplanes H(xi,£i), 
i = 1, . . . , n, are supporting hyperplanes of K . Otherwise we can choose a polytope 
of lesser volume. Let A; be the height of the set 

i.e. the smallest number s such that 

K l n H~ (x,,^) n C z C H+ixi + s&ti) 

Let Zi be a point in dK l n Cj where the height A t is attained. We may assume that 
B 2 C K C cF^2 where c = C1C2. Also we may assume that 

(3.3) P n C 2cB$ 

if we allow twice as many faces. This follows from (3.2): There is a polytope Qk 

such that \B*2 C Qk C B$ and the number of vertices h is smaller than (i|^7r)^~. 

Thus Ql satisfies F| C Q% C 2£?2 and has at most (^tt)^ 1 - 1-dimensional 
faces. As the new polytope P n we choose the intersection of cQl with the original 

polytope P n . Since we have by assumption that n is greater than the 
new polytope has at most 



(3.41 



nnlA K l \ K\ 
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d — 1-dimensional faces. 



We show first that for t with < t < (bed) d 1 vold(K) and alH, i = 1, . . . , n 
we have 

(3.5) A, < - d 

Assume that there is a face with Aj > i. Consider the smallest infinite cone Di 
having z, as vertex and containing K. Since H(xi,£i) is a supporting hyperplane 
to K and K C c S| we have 

and 

Anff-(o; i ,0 = [^,if]n^-(x i ,0 

We have 

2&iVcld-i{PiriH{xi,&) > ^vol d - 1 (D i nH(x l ,C l )) 

Thus 

(3.6) vold-^Dt n < d 2 * 
Since (3.5) does not hold we have 

vol^iDi n tffo - 4c&, CO) = (^-^) d_1 ™/d-i(A n H(x u &)) 

< (4ed+l) d - 1 vol d - 1 ((D i nH(x i ,Z i )) 

By (3.6) we get 

vold-^Di^ H{ Xi - Ac^i^i)) < (4cd+l) d - 1 d 2 t < (5cd) d - 1 d 2 t 
Thus we get 

vol d (K) < vd d (DinH + (xi,&nH-(xi-4c£i,&) 
< 2c(5cd) d - 1 d 2 t < (5cd) d+1 t 

Thus 



18 



CARSTEN SCHUTT 



This is a contradiction to the assumption on t in the hypothesis of the theorem. 
Thus we have shown (3.5). We consider now two cases: All those heights Aj that 
are smaller than vo i^ d ^ F .^ and those that are greater. We may assume that Aj, 
i = 1, . . . , k are smaller than ^t~(f~) an< ^ Aj, z = fc + l,...,n are strictly greater. 
We have 

voldUK* \ P n ) nc l ) = / vdd-^K* \ P n ) nan H( Xl + s&,&))ds 

Jo 

Since B% C K C P n we get 

volddK' \ P n ) nd)< / voh-^Fi)^ + sf^ds < Ai(l + A^vold-^Fi) 

Jo 



By (3.5) we get 



volddK* \ P n ) n d) < A<(1 + ^-^oZd-iCFi) 



For % = 1, . . . , k we get 

\ P n ) n Ci) < — J^-_ (1 + i)^ 1 ^.^) < 2edt 
vol d -i{Fi) d 

Thus we get 

k 

volddK 1 \ P n ) n (|J Ci)) < < 2necft 

i=l 

By (3.4) we get 

k 

(3.7) volddK* \ P n ) n (Q Cj)) < ^o/ d (if* \ K) 

Now we consider the other faces. We have for i = k + 1, . . . , n 

(3.8) A, > 2<// 



vold-i(Fi) 

We show that we have for % = k + 1 , . . . , n 

3-9 A; < 5c - , , 

V ' 1 ~ \ 2d vold(K) J 

Suppose that there is a face Fi so that (3.9) does not hold. Then we have 

t = vol d ([ Zi ,K)\K) > vol d ([z l7 K]nH-(x l ,i l )) = ^vol d -i([z u K] n H{x u &)) 
Therefore we get by (3.8) 

(3.10) voU--i(\zi,K]r\H(xi,£i)) < < IvoL-i(F) 
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By (3.3) we have that 

K C Di n H + (xi,^i) H H~(xi - 4c&,&) 

Thus 

vol d (K) < vold{Di fl H~{xi — 4c£j, &)) 
The cone .Dj fl H~(xi — 4c^, has a height equal to 4c + Aj. Therefore we get 

< ^(4c + A J )(^^) d - 1 ^/ d _ 1 (Ani/(x l ,6)) 

By (3.5) we have A; < 1. Therefore we get 

vol d (K) < ^(^) d - 1 V0 / d _ 1 (A n H(xi,ti)) 

= ^(^) d - 1 vol d - 1 ([z i ,K]nH(x i ,Z i )) 

By (3.10) we get 

vol d {K) < ^^WiGF) 

This inequality implies (3.9). 
Let yi be the unique point 

Vi = [0,Zi] n H(xi,ii) 

We want to make sure that yi E Fi D [zi, K]. This holds since Zi E Ci fl H~(xi, 
and Ai > 0. Since ?/i G Fj we have 

vold-2{dB 2 ) Job*- 1 

where 7^(77) is the distance of yi to the boundary <9Fj in direction 77, 77 e dB^ 1 , 
and, since yi E Fid \z^ K], we have 

vol d - 2 {dB 2 ) Ja^- 1 
where ^(77) is the distance of j/j to the boundary d(Fi fl X]). Consider the set 

We show that 

(3-11) - A vol d ^{ Fi ) < Vdd - 1 ^t d -l I ^(Vf- 1 - Piiv^drtv) 
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We have 

,d-l 



volj-ildB*- 1 ) J A 



4W d _ 2 (c»i? 2 d - 1 ) M 

Therefore we get 



vola^dBt 1 ) J A 



r 1 (v) d - 1 -p 1 (v) d - 1 d^(v)> 



vol d . 2 (dB a 2 - 1 ) JdBt 1 
vol^Bt 1 ) 



I r l (7 1 ) d - 1 -p 1 (v) d - 1 d^v)- 
JdBi- 1 



>9 J Ai 



vol d _ 2 {dB«- L ) 
vol d -i{Fi) - vol d -i(Fi n [zi,K]) - -vold-i(Fi) 

By (3.10) we get that this is greater than \vold-i{Fi). This implies 

4 vol d -2\oB 2 L ) J A? 

Thus we have established (3.11). 
We shall show that 

(3.12) vold{{K l \ P n ) n d) < 20480 ed 2 c 2+ ^ vol d ((P n \K)n Q) 

We have 

™z d (£>? n H + ( Xi , &) n Ci) < ^o/ d ((P n \ K) n C<) 



Compare figure 3.2. Therefore, if we want to verify (3.12) it is enough to show 
volddK 1 \ P n ) n d) < 20480 ed 2 c 2+ ^vol d (D c l n H+( Xi , &) n Q) 

We may assume that yi and Zj are orthogonal to H(xi,£i). This is accomplished 
by a linear, volume preserving map: Any vector orthogonal to £j is mapped onto 



FLOATING BODY, ILLUMINATION BODY, AND POLYTOPAL APPROXIMATION 21 



Let Wi(rj) G DfHH + (xi, ^)nCj such that 71^(77) is an element of the 2-dimensional 
subspace containing 0, 7/ i? and t/i + rj. Let Si(r]) be the distance of Wi{rf) to the plane 
H(xi^i). Then we have 



a V0ld-2{O^2 ) J a\ 

Thus, in order to verify (3.12), it suffices to show 

volddK^P^nd) < 
(3.13) 

20480 etf^^ Y^-^X f " P^f-^M dn(v) 

a vol d -2(oB 2 ) J a? 

In order to do this we shall show that for all i = k + 1 , . . . , n and all 77 e A\ there 
is Wi(rj) such that the distance 8i(rj) of Wi from H(xi,£i) satisfies 

{32cfc if < a, < - 

4 
160 dc 2 ^CVQld-^Fj) ^ 7T < < 7T 

r, V 2rf vol d (K) J 1 4 " " l " 2 

The angles 0^(77) and ft (77) are given in figure 3.3. We have for all r] E Af 



r / v_ffln(a*)sin(A) 



7T 



(3.15) v ' lJ sin(7r - a< - ft) < a,, A < 

Ai =pi tan «i 



Thus we get 



Aj gj sin(7r - - A) pi 



Si ~ n - pi cos(ai) sin(ft) " (7^ - pA cos(ttj) sin(ft) 
By (3.11) we have pi < (1 — Therefore we get 

A; , 4rf 



< 

5i cos(«i) sin (Pi) 

Since B 2 C K C P n C 2c we get that tan ft > Here we have to take into 
account that we applied a transform to K mapping x/i to < £j, 7/j > £j. That leaves 
the distance of Fj to the origin unchanged and 7^(77) is less than 4c. If ft > f we 
have sin ft > If ft < f then ^ < tan ft = < sin ft. Therefore we get 

A, 16v^ dc 
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Therefore we get for all < aij < \ 

A 



-=± < 32dc 

Oi 



By (3.9) and (3.15) we get 



Ai < 1 sin(7r - Qj - ( 5c vol d -i(F t )\ 



Si n - pi sin(ctj) sin(/%) \ 2d vol d (K) 
We proceed as in the estimate above and obtain 

Ai l&V2dc 5c /5c vol d - 1 (F i )\ 



5j rj sin(«j) \ 2d vol d (K) 

Thus we get for j < «i < 



7T 



A* < 32 dc 5c / 5c i>o/ d _i(i^ " 1 
<5i ~~ n V 2o? vol d (K) 

We verify now (3.13). By the definition of Aj we get 



vola-iidB*- 1 ) J a 



vol d - 2 {oB^ ) Ja c 



vol d _ 2 (dB d 2 - 1 ) Ja? 

We get by (3.15) 

1 A, ^-^l J I r t ^ + 1 ) / < 



320dc vold^dBi' 1 ) \J a A i v 1 he \hc vol d -i(Fi) 

By (3.11) we get that either 

vold-AB^ 1 ) f H , , 1 , 



or 

vol d - 2 {dB 2 ) J A v 8 
In the first case we get for the above estimate 



/ (r,^)^ 1 -^^" 1 )^^)^)^ 



-^i— wn/j , (T^ > vnlAiK 1 \ PA n <7,1 
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The last inequality is obtained by using (3.5): Since B 2 C K we have for all 
hyperplanes H that are parallel to Ft vold-iiK 1 C\H nQ) < (l + A i ) d_1 i?o/d-i(-Fi). 
By (3.5) we get vola-i^K 1 n H n Cj) < e vold-i(Fi). In the second case we have 



vol d -i(B 



2 " / (riC^-pi^^^dMiy)^ 

./A? 



V o/ d _ 2 (a J B 2 d - 1 ) 



1 / 2c^o/ d (if) 1 vd^jBt^) f d 

5c \5c voU-^Fi) ) 320dc 1 voided B d 2 ~ x ) J ^ % ^~ 

1 ( 2dvol d (K) 1 v_old-i{Bt^ . ! ,_ t 



5c V5c vol d -i{Fi)J 320dc {vold^dB^ 1 ))^ 



1 / 2dvoUK) \ d - 1 A, , ,„ rf iv i ,1 , ,„vv «* 
• vold-^Bi- 1 )- — {-vold-i{Fi))^ 



5c V.5c vold-i(Fi) J 320cfc v 2 7 v 8 

1 / dvold(K) \^ Ai 

vold-iiF^y 



5c V20c vold-iiB*- 1 ) J 2560cfc 
d vold(K) 1 



5c V20c vold-iiB^' 1 ) J 2560ecfc 
Since C X we get 
vold-^Bt 1 ) 



volddK^P^nQ) 



vold^idBt 1 ) J a 



1 / dvold(B^) \^ 1 



5c V20c vold-iiB^ 1 ) J 2560edc 
1/1 \^ 1 



vo/ d ((K t \p n )nc l ) > 

5c V20 C y 2560ecfc VV X 1 1 ~ 
(20480 edc 2+ ^)- x voladK 1 \ P n ) n C*) 

The second case gives a weaker estimate. Therefore we get for both cases 

vol d {{K t \P n )nC i ) < 

20480 edc 2+ ^ ^-^'X [ {rM*- 1 ~ pM^i d^fa) 
vol d -2{dB 2 ) Jai 

Thus we have verified (3.13) and by this also (3.12). By (3.12) we get 

n n 

volddK^P^ni |J d)) < 20480 ed 2 c 2+ ^ vol d {{ {J Cj) n (P n \ K)) 

i=k+l i=k+l 

(3.16) < 20480 ed 2 c 2+ ^ vol d ((P n \ K)) 
If the assertion of the theorem does not hold we have 

(3.17) volMP«\K))<l ^ K '\ K \ 
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Thus we get 

n 

vol^K 1 \P n )n( |J d)) < -vold^K 1 \ K) 

i=k+l 

Together with (3.7) we obtain 

(3.18) vol d {K l \ P n ) < ^voldiK* \ K) < ±{vol d (K* \ P n ) + vol d (P n \ K)} 
By (3.17) we have 

1 voUK^K) 



vol d (P n \K) < 



8 20480 ed 2 c 2+ ^ 



< ^vohiK 1 \ K) < ^voldiK* \ P n ) + \vol d {P n \ K) 

This implies 

vol d (P n \K)<vol d (K t \P n ) 
Together with (3.18) we get now the contradiction 

VoUK'XPn) < ^VoldiK^Pn) 

□ 
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